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01. 
WE USE the notations and ideas of [l]. An elliptic curve 
r : y2 = x3 - ax - b, 
defined over the rationals, has a zeta-function, which may be written in the form 
L(s) = i(s)% - l)/&(s). 
Here c(s) is the Riemann zeta-function, and the series L,(s) is convergent for Re(s) > $. It is 
conjectured that L,(s) may be continued analytically over the whole plane; certainly this is so 
when r has complex multiplication (in particular, when ab = 0), for then L,(s) is a Hecke 
L-function with Grossencharaktere (see [6]); it is also so for a much larger dynasty ofcurves 
founded by Eichler [7] and Shimura [IO]. 
As is well known, the points of IY form a group; by the Mordell-Weil theorem, the sub- 
group d consisting of the rational points of r is finitely generated. Write g for the number of 
independent generators of infinite order of &, and write y for the order of the zero of L,(s) 
at s = 1 (so y = 0 if&(l) # 0). This makes sense when&.(s) can be continued-from now on 
we restrict ourselves to such cases. It has been conjectured [l, 2,4] that 
and in particular that g > 0 if and only if Lr(1) = 0. Massive evidence for this conjecture has 
been obtained, particularly in the cases 
To : yz = x3 - Dx (2) 
and 
rA:+X3+A; (3) 
see [I], [12] respectively. 
Write R +A, for the ‘number of first descents’ for r, in the classical sense (see for 
instance [1]§5, and [ll] for case (3)). There is very strong evidence ([3]) for the conjecture 
that 
R + jl, - g is an even integer. (4) 
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We relate the two conjectures (1) and (4), in the particular cases (2) and (3), by showing that 
/z+;i, ‘y (2). (5) 
We give details only for To; the verification for IA is very similar, full details are to be 
found in [12]. 
02. 
We may normalise so that D is an integer, not divisible by 4 or by any fourth power. 
The curve Ii, is 2-isogenous to the curve 
r-AD : y2 = x3 + 4Dx. (6) 
Accordingly, one can define the Tamagawa ratio ([1]§7, [5]) 
(7) 
this is easily evaiuated explicitly (11156): 
rcI - 4D)/r(rD) = JIIP~ 
where 
pm= IforD< ( 
4 for D > 0 1 for D even or D E 5,9(16) 
p2 = 
( 
2 for D E 1,3,11,13(16) 
4 for D E 7,15(16) 
and for p > 2, pP = 1 unless p2 11 D and p E 3(4), in which case pP is 2 or 3 according as 
- D is a p-adic square or not. 
It was conjectured in [l] and Cassels [5] has proved that 
z(T-,,)/r(T,) = 2L1-A. (8) 
Hence, to prove (5), it is enough to verify that 
C-1)’ = wcow2 n wp, 
PZIID 
where w, = sgn(-D), w2 = - 1 for D 3 1,3,11,13(16) and w2 = + 1 otherwise, 
and w, = - 1 for p E 3(4), w,, = f 1 for other p > 3. (IO) 
We have said that L,,(s) = L,(s) is a Hecke L-series. Following a suggestion of Shimura, 
let us try to use its functional equation. In Hecke’s notation, L,(s) = $[(s - +; &,), where 
KS; M = c &d~)l~l-ZS = T XD(4 6 wzs; 
here, (T runs through the Gaussian integers and x0 is the character with ~~(8) = E when .s4 = I 
D 
and x,(p) = - 
0 P 4 
when p = 1 (2 + 2i). In particular, a zero of L,(s) at s = 1 corresponds to 
a zero of c(S; ;iD) at S = 4. 
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The functional equation ((45) of Hecke [SJ) tells us that near S = $ 
KS; &J) * w(&%)r(I - S; ;r,) 
where 
w(&J = rf c X&)e 
4 pmod$ (11) 
Here, 4 is the conductor of the character xD and p runs through Gaussian integers modulo 4; 
e(x) is short for eznix. 
&S; &,) is the same as [(S; 1,); so translating this in terms of L,(s), we see that near 
.Y=l 
L,(s) =z W&&)(2 - s). 
We deduce that 
(- 1)’ = lV(&). 
So to prove (5), it will be enough to verify that 
ll%) = wcowz JJ 
P*IlD 
wp 
(12) 
(13) 
where the MI’S are given by (10). 
93. 
It remains to compute IV(&) so as to verify (13); this is tiresome (standard methods 
are available) but of course it is necessary. Define A by IAl = np, A = 1 (4), where the 
PID 
product is over odd primes dividing D. In the formula (11) we have 
according as D E 
one must divide cases. By direct computation, IV(&) = 1, IV(&) = - 1, IV@_,) = 1, 
IV@_,) = 1, all consistent with (13); so we may suppose (A( > 3. 
If DE 1 (4), define 
&, =$ ): 
0 
% 4 cos 2n Re(a/A), (14) 
where the sum is over Gaussian integers (r module A. By straightforward computation, using 
the law of quartic reciprocity where necessary, one may verify that if D E 1 (4) 
wtnD> = 
& if D z 1,5(16) 
- ZD ifD z 9,13(16)’ 
W(L,) = I&; (16) 
lV(&,,) = E( - 1)(1’4)(D+3)ZD for .s = _+ 1. (17) 
Again it is a matter of pure routine, using the Chinese remainder theorem, to verify that 
C,,=X&, if ErFrl(4) and (E,F)=l. (18) 
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Finally, we want to evaluate CD when A is prime. From (14) we have 
(19) 
If we fix o1 $0(A), and let cr2 range from 0 to IAl - 1 and z range from I to IA1 - 1 inde- 
pendently, then the expression r(ai + iaz) runs through all residue classes modulo A with 
real part not divisible by A; so 
Hence 
if crl G O(A) 
4 
if g1 $0(A). 
Substituting into (19), we deduce that if )A) is prime and D = 1 (4) then 
ED = ; 
0 
sgn A = (- 1)‘1’4”D-1)sgn A. 
4 
It is now easy to verify (13). By (20) and (15) we verify (13) when IAl is a prime and 
D = l(4). By (18), we may drop the proviso that (AI is prime. By (16) and (17), the verifica- 
tion is extended to the cases D = 2,3 (4). 
The explicit formulae for the parity of y may be of some interest, particularly to the 
historically-minded. 
For ID we have proved the formulae (9), (10). In particular, y is odd if D is positive even 
and squarefree, so if (1) is true ID has infinitely many rational points in these cases. Mordell 
has remarked that (2) seems always to be soluble when _+ D is a prime congruent o 5 modulo 
8. Heegner [9] claims (without complete proof) that ID has rational points for D = -p2, 
- 2p2 whenever p is a prime congruent to 3 modulo 4, and for D = p2 when p is a prime 
congruent o 5 or 7 modulo 8. 
For the curve l?_,, when A is a cube free integer the corresponding formula (see [12]) is 
(-l)‘= -wan WP 
P#3 
where 
w3 = - 1 if A E + 1, +3 (9), w1 = 1 otherwise, 
wp = - 1 if p ( A, p E 2 (3) w,, = 1 otherwise. 
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In particular, according to (1) every prime congruent o 4, 7 or 8 modulo 9 should be the 
difference of two rational cubes. This may be compared with the conjectures and criteria of 
Sylvester [13]. 
, 
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